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1. ALL SPACES ARE HAUSDORFF AND ALL SETS CONSIDERED ARE NON-VOID 
The purpose of this paper is to sharpen a fixed point theorem of F. Hahn [4] 
and of Kakutani [l-457] in case the compact convex set considered is affinely 
imbedded in a normed linear space. The basic results are Theorem I and II 
in the following. 
THEOREM I. If K is a compact convex subset of a normed linear space E, 
then there is a point c E K such that c is invariant under any afine homeo- 
morphism of K onto K. 
Question. Can E be replaced by any (locally convex) metric linear space ? 
It is evident that K in the theorem is equivalent to the statement that K 
is afKnely homeomorphic to a compact convex subset of a normed linear 
space. Thus by means of [5-311, we have 
COROLLARY I. Let K be a compact colterex subset of a linear topological 
space E, where E is either one of the following: 
(1) E has a countable set of continuous linear forms which separates points 
of K 
(2) E is SW, where S is separable and normed and S,,, is S in its weak 
@P~&y, 
(3) E is S,“* , where S is separable and rwrmed and S$ is S* in its w* 
topology 9
(4) E is normed, 
(5) K is afinely homeomorphic to a compact convex subset of a normed 
linear space. 
Let Gbe a group of continuous a&e mappings of K into K, then G has a common 
Jixedpoint. 
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It is shown in [5-311 that when E satisfies (I), K can be linearly imbedded 
into the Hilbert space I, ; (2) and (3) follow from (1). Thus in the case when E 
is either (1) to (S), Corollary I weaken the condition of a well-known fixed 
point theorem of Katutani [l-457] where G is required to be equicontinuous. 
THEOREM II. If X is a compact uniform space and f is a distal continuous 
mapping of X into itself, then (1) f is a homeomorphism of X onto X and (2) f-l 
is distal. 
A collection S of maps of a uniform space X into itself is distal if for any 
two points x, y E X, 
4X x X) n closu4gM g(y)) I g E S> = @, 
where d(X x X) = {(x, x) j x E X>. A map g of X into X is distal if the 
collection (g” ( n = 0, 1, 2 ,... > is distal. 
Combining the above results, we obtain a sharper form of a fixed point 
theorem of F. Hahn [4] when the space E considered is given by Corollary I. 
We state this result in the following. 
COROLLARY II. Let K be a compact convex subset of E, where E is either (1) 
to (5) in Corollary I. Let S be a distal semigroup of continuous a@ne ttans- 
formations of K into K. Then S (in K”) is a group and c (as the Theorem I) is 
a common fixed point of S. 
KK is the space of all functions of K into K under the pointwise convergent 
topology. s being a group in KK follows from the proof of Theorem II. 
2. PROOF OF THEOREM I 
Using compactness of (K, d), where d is the metric induced by the norm, 
there is a collection (%Yi}& such that 
(1) Each %‘i is a finite partition of K, that is 4, = {A,}::, , Ai’s are 
mutually disjoint and (JfL, Aj = K, 
(2) With respect to the metric d, mesh 4, < l/i, that is, mesh(A,) < l/i 
for all Aj E %!!i , 
(3) %I refines ‘8Yf or all i, and 
(4) For any i and any Aj , A, E %!i , 
Card(B, E %i+l 1 B, C Aj} = Card{B, E Qi+l 1 Bk C A,}. 
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It follows from (4) that if ki is the cardinality of Qi , then ki+i = k * ki for 
some integer K. For each A, E %‘i , let aj E A, and define Q = l/k, CFl, aj . 
Thus Ci E K. We claim that (Cijz>l is a Cauchy sequence and converges to the 
desired point c. So suppose E > 0. There is an N such that for all n > N, 
mesh(%,J < E. Now let m, n > N and write Q& = {Aj}& and a,,, = {B,}~~, . 
Suppose m > n, then by (4), km = kk, for some k > 1. For eachj = I,..., k, , 
let 0, = {B, E @,,, 1 B, C Aj}. Then card(ej) = k. Since c, can be written as 
$ $ ( c bz), 
m ~=l Bfb’, 
where bz E Bz , 
Therefore (c,J is Cauchy and converges to a point c E K. To complete the 
theorem, let us suppose h is an affine homeomorphism of K onto K and let 
E > 0 be given. Since h is uniformly continuous, there is a 6, 0 < 6 < E, 
such that 1) x - y jl < 8 * II h(x) - h(y)// < E. Choose Nsuch that l/N < 6. 
It follows that mesh(&,J < 6 for all n > A? Now let n > N and write 
%,, = {Ai}& . 9Yn’ = (Ai’ = h(A .)}“= 3 3 n1 is a partition of K and mesh(sn’) < E. 
By the well-known marriage problem (see for example, [6-5231 and the 
references in there) we can rearrange the indices of Aj’ so that Ai n A,’ # m 
for allj = I,..., k,. Since 
and h is affine, after the rearrangement, we can write h(c,) as 
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where aj’ E A,‘. Thus 
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Therefore h(c,) converges to c and the proof of Theorem I is complete. 
3. PROOF OF THEOREM II 
Let f be a continuous distal map of X into itself. Obviously f is l-l. Let G 
be the semigroup of mappings generated by f. We regard G as a subspace of 
the space Xx of all functions of X into X with the pointwise convergence 
topology. Since X is compact. Xx is compact and can be identified with 
nDEX X, where each X, = X. Thus e is compact. Note that under this 
topology, (1) h, --+ h iff h,(x) + h(x) for all x E X, (2) for any g E Xx, the 
right multiplication h --f hg is continuous and (3) for any g E G, the left 
multiplication h -+ gh is continuous. By the distal property off, each g E e 
is a l-l function. Since left multiplication by element of G is continuous, 
GG C e. Since right multiplication is always continuous, GG C e. Now we 
want to show that e is a group. Suppose g E e, the following process of 
finding an idempotent in r = Gg is rather standard. r is compact and 
clearly l7 C P. By Zorm’s Lemma there is a minimal nonvoid compact subset 
A C r such that AA C A. Choose an h E A. Since (Ah)(Ah) C Ah, Ah = A. 
Thus there exists an u E A such that uh = h. Let U = {u E A 1 uh = h). 
It is easy to see that U is closed and UU C U. Thus U = A. This implis 
h E U and h2 = h. Since h is 1-1, h is the identity e on K. We have just 
shown that e E cg. Hence there is an g’ E G such that g’g = e. g’ is l-l and 
g’(g(K)) = K. This implis g(K) = K. Thus g is onto and g’ is the inverse of 
g. Letting g = f, f is therefore a homeomorphism of X onto X. Let G’ denote 
the group of homeomorphisms generated by f. We have shown that G’ C (7 
and thus (?’ = e, which is a group. By a theorem of Ellis [2-4021, G’ is 
distal. Sof-l is distal. This completes the proof of the theorem. 
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